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1 1
If f(z) = T3 g Prove that f*(z) = ii?

By finding the equation of the line and setting up
an integral, verify the area formula A = 1(a+b)h
for the right-angled trapezium depicted below.

Y

True or false?

|

(a) op 0 has two real roots,
2 -1

(b) —5—— =0 has two real roots,
T+ T
|

(c) poa i 0 has two real roots.

Find an irrational number which is a member of
the set [3.6,3.61].

2 7
A graph has equation y = T .
T+3

b
E th h = —
(a) Express the graph as y = a + po

(b) Hence, sketch the curve.

A set of 100 straight lines is drawn in a plane, such
that no three lines are concurrent and no two lines
are parallel. Find the number of intersections.

A differential equation is given as
dy

— =2z — 3y.
dz 4

A linear solution y = mx + c is suggested.

d
(a) Write down the value of d—y
x
(b) Substitute to show that m and ¢ must satisfy
the identity 3mx +m = 2z — 3c.

(¢) Hence, show that the only linear solution to
the differential equation is 9y — 6x + 2 = 0.

Solve the equation z° = 8z2.

A uniform solid cube of mass m has vertices
ABCDEFGH, where ABCD is the horizontal
lower face. The cube is supported by vertical forces
at A, B and the midpoint of CD.

(a) Explain, using a plan sketch, why the forces at
A and B must have the same magnitude.

(b) Find the magnitudes of the forces.
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1
Write down the value of / V1—22dz.
-1

State, with a reason, whether z = k, where k € R
is a constant, intersects the following curves:

(a) y=a22+k+1,

(b) z=y*+k+1.

A square is undergoing an enlargement. The rate
of change of the lengths of its sides is 2 cm/s. Find
the rate of change of the lengths of its diagonals.

Determine the number of points (x,y) for which
z,y € Z and 22% + 2y% < 9.

The Newton-Raphson iteration

f(zn)
f/(xn)

is being used to factorise f(z) = % — 52 — 2 — 24.

Tn41 = Tp —

Set up the iteration for f.

Run the iteration with ¢ = 0, and verify that
it converges to a root « of f.

Explain why (z — ) must be a factor of f(z).

Factorise f(x), using the discriminant to show
that no further factorisation is possible.

On one set of axes, sketch the graphs y = 277!
and y = 4~ !, marking any points of intersection.

The four tiles below are placed together, in random
orientations, to form a two-by-two square.

(a) Show that there are 13 configurations in which
the shading forms one region.

(b) Hence, find the probability that the shading
forms one region.

If %(a:2 + 2y) = 10, find j—gyc in terms of x.

A statistician is setting up a hypothesis test for the
mean g of a normal distribution X ~ N(u,0?).
Under the assumption of the null hypothesis, an
acceptance region (a, b) is calculated, such that

P(a < X < b) = 0.99.

(a) Is the test one-tailed or two-tailed?

(b) What is the significance level of the test?

A geometric sequence has nth term u,,. Show that,
for any constants p,q € R, the following sequence
is also geometric:

Wy = PUnp + qUn+1-
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Either prove or disprove the following statement:
“The product of irrational numbers is irrational.”

The equations f(z) = 0 and g(z) = 0, where f
and g are linear functions defined over R, have the
same solution set S. The equation f(z) = g(x)
is denoted E. State, with a reason, whether the
following claims hold:

(a) “F has solution set S”,

(b) “the solution set of E contains S”,

(¢) “the solution set of E is a subset of S”.
2
12 .

A reaction force is so called because it occurs in
“reaction” to contact. Explain whether or not it
is possible for an object to experience a reaction
force while weightless.

Two semicircles, with parallel diameters of length
2, overlap symmetrically as follows:

-

Show that the unshaded region has area /3 — %W.
Find the sum of the first 1000 odd numbers.

The quadratic functions f, g, h have discriminants
which are negative, zero, and positive respectively.
The functions share no roots. Write down the
numbers of roots of the following equations:

Shade the region of the (x,y) plane which satisfies
both of the following inequalities:
y>x+1, y<l-—uxz.

A sample has 7 = 1.17, 3 2% = 227 and variance
0.9011. Find the number of data in the sample.

The scores a and b on two exams, out of A and
B marks respectively, are to be combined into one
score X, given out of a hundred. Each mark is to
have equal weighting. Find a formula for X.

Prove that a pair of distinct circles cannot have
more than two intersections.
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Take the acceleration due to gravity to be 10 ms—2
in this question, and neglect air resistance.

A rocket of mass 120 kg is fired vertically into the

air from rest. Upon ignition, due to its boosters,
it feels a constant force of 1500 N vertically.

(a) Modelling the mass as constant, find the time
taken to reach an altitude of 500 m.

(b) At this time, the fuel is exhausted. Determine
the speed at which the rocket hits the ground.

On an equilateral triangle, circles C7 and Cy are
maximally inscribed and minimally circumscribed.

Show that the ratio of areas is 1 : 4.

It is given that {A,} is a quadratic sequence and
{B,} is an increasing arithmetic sequence.

Describe the following sequences as quadratic,
arithmetic or neither:

(a) un = (An)?,
(b) Up = (Bn>2-

A jar contains 6 blue and 4 red counters. From the
jar, two counters are taken out at random. Find
the probability that these are different colours.

Prove that, for any function f and constant ¢, the
curves y = f(z) and y = ¢—f(z) have the same set
of x values at which they are stationary.

State, with a reason, whether or not the following
are valid identities:

(a) sin|x| =sinz,

(b) cos|z| = cosz,

(¢c) tan|z| = tanz.

A uniform block of mass m kg rests on supports,
as depicted. The supports divide the length of the
block into sections in the ratio 2 : 3 : 1.

Find the reaction forces at the supports.

222 + 6z — 20

Evaluate lim ———8—.
z—=2 322 — T + 2
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Show that the quadratic 222 + 7z —4 is a factor of
the cubic 223 — 722 — 53z + 28.

A number is given in standard form as z = a x 10°.

(a) Write down the set of possible values of a.

(b) Show that log, 2 is linear in b, for any p > 0.

The expression k — 7z + 622 has discriminant 121.
Find the value of the constant k.

Prove that, if a parallelogram is also a kite, then
it is a rhombus.

It is a fundamental result of calculus that
b

lim f(x)dx = /b f(x) da.

Sx—0
a

This identity relates to the diagram show below,
in which dzx is the width of each rectangular strip.

Y

In each case, write down the feature of the diagram
represented by the algebraic expression:

(a) f(z)
(b) f(z)dx
b

(€) Y f(z)dx

a

(d) / ' t(a) do.

Determine the values of the constants a and b for
the following to be an identity in x:

z(z —2)(x —a) = 2° + ba® + 62.

A stepladder, when erected, has the shape of two
sides of an equilateral triangle of side length 240
cm. Without the use of a calculator, show that the
ladder will not fit underneath a shelf 2 metres off
the ground.

Show that, as x — 0, the gradient of the tangent
to y = /z(z — 1) increases without bound.

Statements P and @ about hexagon H are:
P : “H is regular.”
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Q@ : “H has sides described, tip-to-tail around the
perimeter, by vectors a, b, c,—a, —b, —c.”

State, with a reason, which, if any, of the following
implications hold:

OPr=Q

@ P =Q

® P = Q

Solve the equation 2log, 2 =1 — 2log, 3.

A function F is set up as follows: given a monic
quadratic graph y = f(z) as an input, the output
of F is the vertex, as a pair of coordinates. For
example,

Fly=(z—2)2%+5] =(2,5).

(a) Find F [y = 2? — 2z + 7].
(b) Find the function g in F [y = g(z)] = (3,0).

Show that an equilateral triangle of side length 2

will fit exactly inside a circle of radius ZT‘@

— 3
Evaluate Z ToF as a simplified fraction.
k=1

Prove that the area A of a rhombus is given by the
formula A = [?sin a, where [ is side length and «
is any interior angle.

Use the Newton-Raphson iteration to determine,
to 3sf, the input value for which the reciprocal
function and the natural logarithm function give
the same output.

Determine whether y = (z 4+ 1)(z — 1)? could be
the equation generating the following graph:

State, giving a reason, which of the implications
= , <=, <= links the following statements
concerning a real number x:

@—IBZ )
@ 28 =09.

“The x axis is tangent to the curve y = 24 —22—6.”
True or false?
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Simultaneous equations are given as:

a—+4b+ c =10,
a+b+2c=12,
3a+b+c=9.

(a) From the first two, show that 3a + 7c = 38.
(b) Find another equation linking a and c.

(¢) Hence, solve for a,b,c.

In a rugby scrum, two teams are pushing against
one another. The two teams have total mass 850
kg and 950 kg respectively. The scrum accelerates
constantly from rest, moving 1 metre in 4 seconds.
Determine the difference in driving force exerted
by the two teams.

A quadratic sequence starts 7,15,25, .... Find the
value of the hundredth term.

The probabilities of events X and Y are given in
the following Venn diagram,

X Y

Represent the same information on a tree diagram,
conditioned on X, finding and labelling all six
branch probabilities.

Prove by exhaustion that no square number ends
in any of the digits 2, 3,7, 8.

a/x+b
evr+d
Part of the Diophantus identity states that

(a2 + b2) (02 + d2) =

Make x the subject in y =

(ac— bd)2 + (ad—!— bc)2.

Prove this result.

A circle is given, for constants a,b € R, as
22 +ax+y*+by=0.

A square is inscribed, with all four of its vertices
on the circumference.

)
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Show that the square has area 2(a” + b%).

State, giving a reason, which of the implications
= , <=, < links the following statements
concerning a real number x:

@D z € A,
@ z€ AUB.

Write 42713 in terms of 27.

Three dice are rolled. State which, if either, of the
following events has the greater probability:

e all scores are odd,
e 10 scores are odd.

Simplify 1+\/g+1_\/g.
1-1 14/t

Find c such that the curve y = 22 + ¢ satisfies the
differential equation

dy

o=V -2

A particle is projected horizontally, initial speed 5
ms~!, from a point 1.6 metres above flat ground.

(a) Find the time of flight.

(b) Determine the angle below the horizontal at
which the particle is travelling as it lands.

Two identical rectangles are overlaid as depicted.
Each has dimensions 12 ¢cm x 8 cm, and the shaded
area is 100 cm?2.

In each case, find the given quantity, or state that
there is not enough information to find it:

(a) the area of the unshaded rectangle,

(b) the perimeter of the unshaded rectangle.

Solve the equation 4y/z (1 + ) — (V& + 1)4 =1.

In a convex polygon, every diagonal lies inside the
polygon. Prove that the sum of the interior angles
of a convex n-gon is S = (n — 2)x radians.

Show that the following algebraic fraction cannot
be simplified to a polynomial:

16z* + 522 — 6z + 1
x—3 '
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Determine the distance from the centre of a cube 1286.

of side length [ to one of its vertices.

Simplify {z € R: |z| <5} \ [2, 00). 1287.

The numbers p, 2p + 1, 2p? — 3 are in arithmetic
progression. Find all possible values of p.

Consider the graph log, x +log, y = 1.

(a) Show that the relationship between x and y is
one of inverse proportion.

(b) Hence, sketch the graph.

(z+h)! = (z - h)*
2h

Show that lim = 423,
h—0
1288.

A quadratic graph y = ax? +bx+c is shown below,
with its x axis intercepts marked:

Yy 1289.

1290.

State, with a reason, whether the following facts
are necessarily true:

(a) “a is positive”,
(b) “b is zero”,

(c) “cis negative”.

Two dice are rolled. Given that at least one shows
a four, find the probability that both do.

A symmetrical design is created by taking the
curve y = z2 and rotating it through 90°, 180°, and
270°, with centre of rotation at the origin. Points
with either |z| or |y| greater than 2 are not drawn.
Areas enclosed by the curves are then shaded.

1291.

(a) Sketch the design.
(b) Show that the design has area 3.

Show that 222 —z+1 is not a factor of 2z*—3z342.

A triangle is drawn in a unit circle z2+y? = 1, with
its vertices on the circumference. Two of its sides
are defined by the linesz = 0 and y = %x—l. Show
that the other side is defined by the line y = 1— %x

Two distributions are given as

X ~ B(100,1/2), and Y ~ N (50, 25). 1292.

Show that P(X = 40) ~ P(39.5 < Y < 40.5).

Find b in simplified terms of a, if the quadratic
22 + 4z + a has a factor of z — b.

A unit square U has a smaller square S drawn
somewhere inside it. S, when rotated around its
centre, remains inside U. S has area a.

Find the set of possible values of a.

Find the length of the line segment

x=p+tcosld, y=gq+tsing, te[-1,1].

du)\ 2
If x = sinu, show that <du> =tanu + 1.
T

Two functions f and g are related by f'(z) = g/(z).

(a) Show that f(z) — g(x) is constant.

(b) A student claims “If f'(x) = g'(x), then, for

a > 0, the ratio log, f(z) : log, g(z) doesn’t
depend on x.” His proof is as follows:
“Taking logs of both sides of f(z) — g(z) = ¢,
we get log, (f(xz) —g(z)) = log, c¢. The RHS is a
constant which doesn’t depend on z; let’s call
it k. Using a log rule on the LHS,

log, f(z) _

log, g(z)
Hence, the ratio log, f(z) : log, g(x) doesn’t
depend on x.”
Identify the error in the proof.

A diameter, joining opposite vertices, is drawn on
a regular 16-gon.

A pair of distinct vertices A, B is then chosen from
among the remaining 14. Find the probability that
the chord AB crosses the diameter.

The interior angles of a quadrilateral form an AP.
Give, in radians, the sum of the smallest and
largest angles.
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The velocity of an object, for ¢ > 0, is given by
v =+/t—t. At t =0, the object is at the origin.
(a) Find the maximum velocity attained.

(b) Verify that the object returns to O at ¢ = 2.

Show that points (0, —2) and (3,0) are equidistant
from the circle 22 + z + y* — 4y = 0.

Point A is on the line y = 1 — 2z, and OA is a unit
vector. Determine the possible coordinates of A.

State whether the following functions have a sign
change at z = 1.

(a) g(z) = z(x—1),

(b) g(z) =2(z—1)7",

(c) gle) = a(z —1)"2.

You are given that Iny = 31nz + 4. Describe the

proportionality relationship between the variables
y and z.

Three circles of radius 5, 10 and 10 are all tangent
to each other.

Show that all three can be contained within a circle
of radius 20.

The first four terms of an arithmetic sequence are
given by a,b,a + b,8. Find a and b.

Prove that the sum of three consecutive cubes is
divisible by 3.

— END OF 13TH HUNDRED




